We extend Reiter's temporal situation calculus by introducing continuous change due to passage of time in addition to discrete change due to actions. We define regression for hybrid action theories and show that hybrid action theories can capture hybrid automata.
INTRODUCTION
A basic tenet of Reiter's temporal situation calculus (SC) [10, 11, 13] is that all changes in the world, including continuous processes such as a vehicle driving in a city or water flowing down a pipe, are the result of named instantaneous actions. In temporal SC, fluents are atemporal, while each action has a time argument. Thus, continuously varying quantities do not attain values until the occurrence of a time-stamped action. To pose temporal queries about a dynamic system represented in this way, an action must be executed to deem the moment of interest for the query. Existing SC literature [6, 14] follows this route.
We present a new variant of temporal SC in which we can directly query continuously changing quantities at arbitrary points in time without introducing auxiliary actions. Our approach is query-independent. For doing so, we take inspiration from the work on hybrid systems in control theory [3, 9] , which are based on discrete transitions between states that continuously evolve over time. The crux of our proposal is to add state evolution axioms (SEA) to Reiter's successor state axioms (SSA). Whereas the SSA characterize transitions between discrete states due to actions, the SEA specify how the flow of time induces change in system parameters within a given situation in between actions. We derive SEA in a manner similar to SSA [13] , providing a precise methodology for axiomatizing continuous processes in SC. We generalize the result in the notion of a hybrid basic action theory (BAT) and show that a suitable notion of regression can be defined for hybrid BATs despite the continuous evolution.
There are practical examples that call for an extension of hybrid systems where discrete states have an internal relational structure. Our proposal can readily capture these cases by providing a relational extension to hybrid automata, which benefits from the representational richness of SC. Thus, our work helps bring together KR and hybrid control, getting from the former the semantic richness of relational states and from the latter a convenient treatment of continuous time.
HYBRID SITUATION CALCULUS
Reiter [13] defines a BAT as a collection of sets Σ ∪ Dss ∪ Dap ∪ Duna ∪ DS 0 of axioms, namely the foundational axioms, successor state axioms, action precondition axioms, unique name axioms for actions, and initial state axioms. BATs feature a set of favourable computational properties and tools, including relative satisfiability and regression. Reiter's temporal BATs (Chapter 7 in [13] ) are an extension which allows one to model many temporal behaviours, albeit with certain limitations.
In constructing hybrid temporal SC, we reuse the temporal machinery introduced into BATs by Reiter, namely: all actions have a temporal argument, time(α) is mapped to the time of the action α, and start(σ) is mapped to the time of the last action of the situation σ. We no longer use atemporal fluents to model continuously varying physical quantities. Instead, they describe the discrete contexts in which continuous processes operate. For each continuous quantity, there is a finite set of parametrized context types which are pairwise mutex when their parameters are appropriately fixed, and each context type is characterized by a continuous function that determines how the continuous quantity changes. To model continuous physical quantities, we introduce functional fluents with a temporal argument. These fluents can change with time, and not only as a direct effect of actions.
Our starting point is a temporal change axiom (TCA) which describes a single law governing the evolution of a single fluent due to the passage of time in a particular context of an arbitrary situation. We assume that a TCA for a temporal functional fluent f has the general syntactic form
We call γ(x, s) the context as it specifies the condition under which the formula δ(x, y, t, s) is to be used to compute the value of fluent f at time t. The formula δ(x, y, t, s) defines y in terms of arbitrary computable domain-specific constraints on variables and fluents. A TCA is well-defined if the background theory entails γ(x, s) → ∃y δ(x, y, t, s). A set of k well-defined TCA for a fluent f can be equivalently expressed as an axiom of the form
where Φ(x, y, t, s) is 1≤i≤k (γi(x, s) ∧ δi(x, y, t, s)). We require that the background theory entails
guaranteeing the consistency of (2). Having combined all laws governing the evolution of f with time into a single axiom (2), we make a causal completeness assumption: there are no other conditions under which the value of f can change in s from its initial value as a function of t. We capture this by the explanation closure axiom
The conjunction of axioms (2), (4) in the models of (3) is logically equivalent to
The last formula is a SEA for f . It states that f evolves with time during s according to some law whose context is realized in s or stays constant if no context is realized. To describe the effect of actions upon continuous quantities while maintaining a clear separation between between discrete and continuous fluents, we introduce, for each temporal fluent f (x, t, s), an auxiliary discrete fluent finit (x, s) whose value in s represents the value of f in s at start(s). The SSA for finit is compiled by the usual means [13] from arbitrary effect axioms and a special-form frame axiom ¬∃y(e(x, y, a, s)) → finit (x, do(a, s)) = f (x, time(a), s) which enforces temporal continuity in the value of f when there is no cause for change.
A hybrid basic action theory is a collection of axioms D = Σ∪Dss∪Dap∪Duna∪DS 0 ∪Dse such that (i) every action symbol mentioned in D is temporal; (ii) Σ∪Dss ∪Dap ∪Duna ∪ DS 0 constitutes a BAT as per Defn. 4.4.5 [13] ; (iii) Dse is a set of SEA of the form f (x, t, s) = y ↔ ψ f (x, t, y, s) such that for every temporal fluent f in Dse, Dss contains an SSA for finit ; (iv) for each SEA, Duna∪DS 0 entail the consistency properties ∀x∀t. ∃y(ψ f (x, t, y, s))∧∀y∀y ′ (ψ f (x, t, y, s)∧ψ f (x, t, y ′ , s) → y = y ′ ) and ∃y(finit (x, s) = y ∧ ψ f (x, start(s), y, s)).
A set Dse of SEA above is stratified iff there are no temporal fluents f1, . . . , fn such that f1 ≻ f2 ≻ . . . ≻ fn ≻ f1 where f ≻ f ′ holds iff there is a SEA in Dse where f appears on the left-hand side and f ′ on the right-hand side. A hybrid BAT is stratified iff its Dse is.
Regression. Projection is the computational problem concerned with establishing the truth value of a statement after executing a given sequence of actions. We solve it with the help of regression. Reiter's notions of uniform and regressable formulas trivially extend to hybrid BATs. We extend the regression operator R (Defn. 4.7.4 [13] ) as follows.
Let D be a hybrid BAT and W a regressable formula. If W is a non-fluent atom that mentions start(do(α, σ)), then
]. If W is a non-P oss atom and mentions a functional fluent uniform in σ, then this term is either atemporal or temporal. The former case is covered by Reiter. In the latter case, the term is of the form f (C, τ ⋆ , σ) and has a SEA f (x, t, s) = y ↔ ψ f (x, t, y, s), so we rename all quantified variables in ψ f (x, t, y, s) to avoid conflicts with the free variables of f (C, τ ⋆ , σ) and define R[W ] to be
where y is a new variable not occurring free in W ,C, τ ⋆ , σ. Intuitively, this transformation replaces the temporal fluent f with either the value of finit if f is evaluated at the time of the last action or, otherwise, with the value determined by the right-hand side of the SEA for f . Theorem 2.3. If W is a regressable sentence of SC and D is a stratified temporal basic action theory, then
In addition to computing entailment, regression can be a powerful diagnostic tool. By analyzing the results of partial regression of an arbitrary regressable property of the dynamic system, it is possible to attribute its validity to a particular action of the given sequence [1] .
MODELLING HYBRID AUTOMATA
Hybrid automata (HA) are mathematical models used in control theory for analyzing dynamic systems which exhibit both discrete and continuous dynamics. [3] define a basic hybrid automaton (HA) as a system H consisting of: a finite set Q of discrete states; a transition relation E ⊆ Q × Q; a continuous state space X ⊆ R n ; for each q ∈ Q, a flow function φq : X × R → X and a set Invq ⊆ X called the domain of permitted evolution; for each (q, q ′ ) ∈ E, a reset relation R q,q ′ ⊆ X × P(X). a set Init ⊆ ∪q∈Q({q} × Invq) of initial states.
Like a discrete automaton, a HA has discrete states and a state transition graph, but within each discrete state its continuous state evolves according to a particular flow. The domain of permitted evolution delineates the boundaries which the continuous state X cannot cross while in state q.
A trajectory of H is a sequence η = ⟨∆i, qi, νi⟩i∈I , with I = {1, 2, . . .}, where ∆i is the duration, qi is a state from Q, and νi : [0, ∆i] → X is a continuous curve along the flow φq i (refer to [3] for details). A trajectory captures an instance of a legal evolution of a hybrid automaton over time. Duration ∆i is the time spent in the i-th discrete state H reaches while traversing the transition graph. A trajectory is finite if |I| and Σi∈I ∆i are finite.
Hybrid BATs are naturally suitable for capturing hybrid automata. Let H be a basuc hybrid automaton H. For every discrete state in the set Q, we introduce a constant qi with 1 ≤ i ≤ |Q| and let DS 0 contain unique name axioms for all qi. We assume that the relation E is encoded by a set of facts Edge(q, q ′ ). Each flow φq is encoded by the function f low such that f low(q, x, t) = y iff φq(x, t) = y. Each set of invariant states Invq is encoded by Inv(q, x) which holds iff x ∈ Invq. Each reset relation R q,q ′ is encoded by Reset(q, q ′ , x, y) which holds iff y ∈ R q,q ′ (x). The set of initial states Init is encoded by Init(q, x) which holds iff (q, x) ∈ Init.
Let trans(q, q ′ , y, t) be the action representing a transition from state q to q ′ at time t while resetting the continuous state to y. Let Q(s) be the discrete state in s, and let X(t, s) be the continuous state in s at t. The automaton can be axiomatized as
Q(do(a, s)) = q ↔ ∃q ′ ∃y∃t(a = trans(q ′ , q, y, t)) ∨ Q(s) = q ∧ ¬∃q ′ ∃y∃t(a = trans(q, q ′ , y, t)), Xinit (do(a, s)) = x ↔ ∃q∃q ′ ∃t(a = trans(q, q ′ , x, t)),
. Theorem 3.1. Let D be a satisfiable hybrid BAT axiomatizing a basic hybrid automaton H as described above, let σ = do([α1, . . . , αn], S0) be an executable ground situation term of D, and τ a real number such that τ ≥ start(σ). Then
if and only if a finite trajectory of H can be uniquely constructed from σ and τ .
Clearly, this axiomatization rules out non-trivial queries about the content of its states because its discrete states are a finite set without objects, relations, etc. A general hybrid BAT does not have this limitation.
While classic hybrid automata are based on a finite representation of states and atomic transitions, richer representations began to attract the interest of the hybrid system community. Of interest is the work by Platzer [12] based on FO dynamic logic with differential equations for describing continuous change. Our work contributes to this line of research by providing a very rich relational representation of the discrete states. Both [12] and our paper propose to go beyond HA with a finite number of states; the main difference is in the availability of situation terms. The usual SC-based reasoning tasks can be easily formulated in our hybrid BATs.
CONCLUSION
In hybrid systems, the practical need for robust specification and verification tools for HA resulted in the development of a multitude of logic-based approaches [3] . More recently, [5] show that that certain classes of decision problems belong to reasonable complexity classes. These results provide foundations for verification of robustness in hybrid systems [7] .
Platzer's work offers some decidability results for verification based on quantifier eliminations [12] . Note that quantified differential dynamic logic [12] , which focuses on functions and does not allow for arbitrary relations on objects, cannot encode SC theories in an obvious way, i.e., it includes only one primitive action (assignment), but the BATs provide agent actions that can model a system at a higher level of abstraction. Still, it may be interesting to study the reductions of fragments of Golog [8] and BATs to such a dynamic logic, to exploit existing [12] and future decidability results.
On the other hand, while research in hybrid systems focuses on certain verification problems, the present paper, thanks to regression, proposes an approach to solve reasoning problems that cannot be formulated in hybrid systems. Recent work on bounded theories [2, 4] provides promising means to study decidable cases in this realm. This conceptual interaction between hybrid systems and situation calculus is an interesting avenue for future work.
